Abstract. In this note, we get estimates on the eigenvalues of the Dirac operator on locally reducible Riemannian manifolds, in terms of the eigenvalues of the Laplace-Beltrami operator and the scalar curvature. These estimates are sharp, in the sense that, for the first eigenvalue, they reduce to the result [12] of Alexandrov.
Introduction
We suppose that (M n , g) is a closed Riemannian manifold with a fixed spin structure. We understand the spin structure as a reduction SpinM n of the SO(n)-principal bundle of M n to the universal covering Ad : Spin(n) → SO(n) of the special orthogonal group. The spinor bundle ΣM n = SpinM n × ρ Σ n on M n is the associated complex 2 ] dimensional complex vector bundle, where ρ is the complex spinor representation. The tangent bundle T M n can be regarded as T M n = SpinM n × Ad R n . Consequently, the Clifford multiplication on ΣM n is the fibrewise action given by µ : T M n ⊗ ΣM n −→ ΣM operator P , are locally expressed as ∇ e k ψ = e k (ψ) + 1 4 e i · ∇ e k e i · ψ (1.1)
and Dψ e i · ∇ e i ψ, (1.2)
P ψ e i ⊗ (∇ e i ψ + 1 n e i · Dψ) (1.3) which satisfy the following important relation
for any ψ ∈ Γ(ΣM n ). (Throughout this paper, the Einstein summation notation is always adopted.) We also use the notation R ijkl g(R e i ,e j e k , e l ) and R ij = Ric(e i ), e j R ikkj , Scal = R ii . With the help of the Bianchi identity, (1.4) implies e i · R e j ,e i ψ = − 1 2 Ric(e j ) · ψ, (1.5) which in turn gives 2e i · e j · R e i ,e j ψ = Scal ψ. Hence one derives the well-known Schrödinger-Lichnerowicz formula
where ∇ * is the formal adjoint of ∇ with respect to the natural Hermitian inner product on ΣM n . The formula shows the close relation between Scal and the Dirac operator D.
From (1.6), it follows easily that if λ is an eigenvalue of D, then
Scal min ,
where Scal min min M Scal. Clearly, this inequality is interesting only for manifolds with positive scalar curvature, but the minimal value 1 4 Scal min cannot be achieved for such manifolds.
The problem of finding optimal lower bounds for the eigenvalues of the Dirac operator on closed manifolds was for the first time considered in 1980 by Friedrich. Using the Lichnerowicz formula and a modified spin connection, he proved the following sharp inequality:
where c n = n 4(n−1)
. The case of equality in (1.7) occurs iff (M n , g) admits a nontrivial spinor field ψ called a real Killing spinor, satisfying the following overdetermined elliptic equation
where X ∈ Γ(T M) and the dot "." indicates the Clifford multiplication. The manifold must be a locally irreducible Einstein manifold.
The dimension dependent coefficient c n =
in the estimate can be improved if one imposes geometric assumptions on the metric. Kirchberg [8] showed that for Kähler metrics c n can be replaced by is odd, and by
is even. Alexandrov, Grantcharov, and Ivanov [10] showed that if there exists a parallel one form on M n , then c n can be replaced by c n−1 . Later, Moroianu and Ornea [13] weakened the assumption on the 1-form from parallel to harmonic with constant length. Note the condition that the norm of the 1-form being constant is essential, in the sense that the topological constraint alone (the existence of a non-trivial harmonic 1-form) does not allow any improvement of Friedrich's inequality (see [5] ). The generalization of [10] to locally reducible Riemannian manifolds was achieved by Alexandrov [12] , extending earlier work by Kim [9] .
Another natural way to study the Dirac eigenvalues consists in comparing them with those of other geometric operators. Hijazi's inequality is already of that kind. As for spectral comparison results between the Dirac operator D and the scalar Laplace operator ∆, the first ones were proved by Bordoni [1] . They rely on a very nice general comparison principle between two operators satisfying some kind of Kato-type inequality. Bordoni's results were generalized by Bordoni and Hijazi in the Kähler setting [2] .
In this note, we find a new method which can recover the result of [10] and [13] , moreover enable us to use the general spectral result of Bordoni, to show the following theorem 
In the last section, using the same argument we also obtain similar estimate on locally reducible Riemannian spin manifolds, which generalizes the result of [12] to arbitray eigenvalue λ N (D). 
Scal min , 
and J is parallel.
is an almost product Riemannian structure. Moreover, it is a locally decomposable Riemannian structure if ξ is a parallel vector field.
As in almost Hermitian spin manifolds, we can also define on almost product Riemannian spin manifolds the following J-twist D J of the Dirac operator D by
It is not difficult to check that D J is a formally self-adjoint elliptic operator with respect to L 2 -product, if M n is closed and divJ (∇ e i J)(e i ) = 0. In fact, let we define a complex vector field
Hence the spectrum of D J is discrete and real.
As in the Kählerian case, Kim obtained the following useful lemma
Proof. From now on, we do all calculations at a point p ∈ M n where we have an orthonormal frame {e i } which satisfies (∇e i )| p = 0, 1 ≤ i ≤ n. Hence, for any spinor field φ, one has
Note e j · e i = −e i · e j − 2δ ij and −∇ J(e i ) ∇ J(e i ) φ = ∇ * ∇φ, so we obtain
hence by (1.6), we get
In addition, we also need the following lemmas
Lemma 3. If ξ is a harmonic vector field of unit length, one gets for any spinor field φ ∈ Γ(ΣM n ) the following Lichnerowicz-type formula
where
Proof. First, D J D − 2ξ · ∇ ξ is a formally self-adjoint operator since ξ is a harmonic vector field of unit length. Moreover, we can check that for any spinor field φ,
So using the Bochner-Weitzenböck formula on 1-forms
Moreover, integrating (2.5) yields,
Q.E.D.
Remark 1. If ξ is a parallel one form of unit length, then
J by Lemma 1 and hence
Furthermore, it also follows that for any spinor field φ,
In particular, we conclude that for 
and ∆ is the Laplace-Beltrami operator acting on functions.
We shall make use of a modified connection ∇ E = ∇ (a,b) acting on the spinor bundle Γ(ΣM n ) of a spin manifold admitting a nontrivial parallel one-form, to which we apply Theorem 2. For any couple a, b of nontrivial real numbers, define the connection ∇ (a,b) by
where J is the reflection defined by a parallel one-form.
Proposition 1. The modified connection ∇ (a,b) is compatible with the Hermitian inner product on the spinor bundle. That is, for any vector field
X, ∀φ, ϕ ∈ Γ(ΣM n ) one has X φ, ϕ = ∇ (a,b) X φ, ϕ + φ, ∇ (a,b) X ϕ .
Proof. A direct computation gives
since X · φ, ϕ = − φ, X · ϕ for any vector field X.
Proposition 2. The rough laplacian of the modified connection ∇ (a,b) is given by
Proof. Consider a local orthonormal frame field {e 1 , · · · , e n } and normal coordinates at any fixed point x ∈ M. We have, at this point:
Let λ α λ α (D) and consider the first N nonnegative eigenvalues, 0
, J(e i ) e i − 2 e i , ξ ξ, here ξ is a harmonic vector field of unit length and write
) . In particular, for N = 1 we have the following modified connection for φ ∈ Γ(ΣM n )
Then, for the first eigenspinor ψ 1 an elementary calculation provides the following
Observe that
and the min-max principle gives
This immediately implies the estimate [13] given by Moroianu and Ornea. In the limiting case,
Hence, Ric(ξ) = 0. Furthermore, one obtains that ξ is in fact parallel by (2.4), and then we can apply Theorem 3.1 in [10] to determine the universal cover of M n .
Remark 2. The original " twistor-like" operator
T : T M n ⊗ ΣM n −→ ΣM n defined
by Moroianu and Ornea is the following
They obtained the following important identity (see [13] ).
which holds for each eigenspinor ψ α .
Observe that for any spinor field φ
and T ξ φ = 0. Moreover if ξ is a parallel one form of unit length, one obtains with the help of (2.6)
which will play an important role in the following estimation.
Next, we define the operator
where for X ∈ T M n and φ ∈ Γ(ΣM n )
Then, it follows that
Next we begin to estimate the M T λ N ψ α , ψ α from above. 
Proof. Recall for any eigenspinor ψ α such that
where ξ is a parallel one-form of unit length. But combining the equality (2.8) with (3.10) yields
Scal min .
the main theorem
We are ready now to show the main theorem. 
Proof. Our strategy is to apply Theorem 2 for the modified connection ∇ λ N . First, let E N = L(ψ 1 , · · · , ψ N ) and F N any N-dimensional vector subspace of Γ(ΣM). Then the min-max principle gives
where we used Lemma 2 and the key proposition 3 above.
Secondly, the max-min principle also implies, for any positive integer i
Hence Theorem 2 implies that
Combining the above result (4.1) with (4.2) gives
on locally reducible Riemannian manifolds
Let M be a closed Riemannian spin manifold with positive scalar Scal. Suppose T M = T 1 ⊕ · · · ⊕ T k , where T i are parallel distributions of dimension n i , i = 1, · · · , k, and n 1 > n 2 ≥ · · · ≥ n k . Then one can define a locally decomposable Riemannian structure J as follows
Moreover, we define the following modified metric connection and corresponding self-adjoint operator for
Compute for any eigenspinor ψ α such that
But [12] gives
where ε i n 1 n i − 1 > 0, i = 2, · · · , k and D i is the "partial" Dirac operator of subbundle T i . Suppose {e 1 , · · · , e n 1 , e n 1 +1 , · · · , e n 1 +n 2 , · · · , e n 1 +n 2 +···+n k−1 +1 , · · · , e n } is an adapted local orthnormal frame, i.e., such that {e n 1 +n 2 +···+n i−1 +1 , · · · , e n 1 +n 2 +···+n i } spans T i . Then Scal min ψ α 2 , which implies that Scal min , so we are done.
